MEMS-Vol. 2, Micro-Electro-Mechanical Systems (MEMS) — 2000

ASME 2000

THE CORRECT TREATMENT OF HARMONIC PRESSURE-FLOW BEHAVIOR IN
MICROCHANNELS

Christopher J. Morris and Fred K. Forster *

Department of Mechanical Engineering
Campus Box 352600
University of Washington
Seattle, Washington 98195-2600

ABSTRACT

Advancesin microfluidic technology give great potential for
integrated systems with many components. Because continuum
modeling is difficult even for simple systems, low-order model-
ing is essentia to their design. Unsteady flow in microfluidic
components such as channels and valves may require special
treatment to achieve accurate low-order models of entire sys-
tems. One example is the fixed-valve micropump, in which the
interaction between mechanical, electrical, and fluidic compo-
nents produces maximum pump output at a resonant frequency
near the corner frequency of the valves. In this frequency range
the commonly-used value for fluid impedance was found to bein
error by 30%, causing errorsin predictions of pump membrane
motion by as much as 300%. Proper treatment of the pressure-
flow relations based on the exact solution of the Navier-Stokes
equations for oscillatory flow corrected these deficiencies.

NOMENCLATURE

a channel haf-width (m)

A channel cross-sectional area (m?)

b channe half-height (m)

Dp channel hydraulic diameter 4A/Pe (M)
f Darcy friction factor 4Po/Re

F force(N)

i V-1

*Address correspondence to this author at the above address or to
forster@u.washington.edu.

K sum of minor loss factors
L channel length (m)
T outward unit normal vector
P fluid pressure (Pa)
P. wetted perimeter (m)
Po Pouiselle number SeeEq. 3
Re Reynolds number VD, /v
Q volumetric flow (m3/s)
velocity vector (m/s)
average velocity (m/s)
volume (m3)
axia or z-component of velocity (m/s)
fluid impedance (kg/m* s)
duct aspect ratio a/b
non-dimensional frequency parameter b/®/v
fluid dynamic viscosity (Pas)
fluid kinematic viscosity (m?/s)
mass density (kg/m°)
Tw Wwall shear stress (Pa)
Tw circumferential aveage wall shear stress [ tds/Pe (Pa)
()e exact property
()s simplified property
~ complex amplitude
| | magnitude of acomplex quantity
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Figure 1. A FIXED-VALVE MICROPUMP WITH TWO PARALLEL,
FOUR-ELEMENT, TESLA-TYPE INLET AND OUTLET VALVES
AND A 6mm DIAMETER PUMP CHAMBER. VALVE CHANNELS
ARE 114pm WIDE AND THE ETCH DEPTH OF VALVES AND
CHAMBER 1S 111pym. THE PUMP ISDRIVEN BY A PIEZOELEC-
TRIC ELEMENT MOUNTED OVER A FLEXIBLE PYREX MEM-
BRANE COVERING THE PUMP CHAMBER AND SEALING THE
TOP SURFACE OF THE ETCHED SILICON SUBSTRATE.

INTRODUCTION

Micromachining technology enables microfluidic systems
with many mechanical, electrical and fluidic components. Be-
cause continuum modeling is difficult even for simple systems,
low-order modeling is essential for the design of such systems.
For incompressible oscillating flow in arigid channel a common
low-order model is a fluid impedance Z, which is the ratio of
complex amplitudes of pressure drop AP to volume flow rate (3
The most common low-order representation is given by a series
combination of aresistor Rand inductor I,

5 AF :
Q

Bv)

where often in the literature viscous and inertial effects are sepa-
rately modeled by constant values of R and |, respectively.

For micropumps such as the one in Fig. 1, the interaction
between electrical, mechanical, and fluidic components produces
maximum pump output at a resonant frequency near the corner
frequency of the valves (Forster et al., 1995). The valvesfor this
pump are of fixed-geometry, etched in silicon using the DRIE
process, and behave as fluid diodes to direct the flow. How-
ever, these valves exhibit relatively low diodicity, and for sys-
tem design their behavior may be approximated by zero-mean
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oscillatory flow through rigid channels and represented by fluid
impedance Z. A lower-order model describing the entire pump
system with the valves modeled by constant values of R and |
has been presented (Bardell et al., 1997). This approach results
inamodel having good agreement with a particular set of exper-
imental data but of limited predictive value.

In this study we incorporate an improved method for obtain-
ing the fluid impedance of arectangular channel into our system
model that does not utilize ad hoc values of Rand | as described
above. The method implemented in this study is based on the ex-
act solution of the Navier-Stokes equations for oscillatory flow.
At least one other study has addressed impedance modeling in a
similar manner (D’ Souza and Oldenburger, 1964). In that study
viscosity was accounted for in rigid hydraulic pipes containing
a compressible fluid, which was subject to pressure fluctuations
about a mean pressure-driven steady flow. Results were com-
pared to a simple inviscid “water-hammer” model. Here we
study an incompressible fluid in rigid rectangular channels and
fluctuations about a zero-mean flow.

METHODS

The methods used in this study are divided into three anal yti-
cal and one experimental section. The analytical sectionsaddress
the simplified impedance Zs of a rectangular channel, the exact
impedance Z, of arectangular channel, and the fully-devel oped
flow assumption. The last section describes the experiments car-
ried out. In al portions of this study gravitational effects are
neglected since hydrostatic pressuresare small compared to pres-
sure differences caused by viscosity.

Simplified impedance for a rectangular channel

Simplified impedance is composed of lumped-parameter re-
sistance and inductance values given by Eq. 1, where resistance
and inductance are real constants. The commonly-used expres-
sion for simplified resistance, denoted in this study by Rs, is
based on steady, viscous, fully-devel oped flow through a straight
channel of arbitrary, constant cross-section and may be general-
ized in the form,

uLPZPo
RS = 8):3 ) (2)
where Po is the Poiseuille number defined by
po = 20nTw )
Vu

For example, Po is 16 for a circular cross-section and 24 for a
two-dimensional dot, and for both cases the wall shear stressis
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constant, Ty = Tw (White, 1991). With these values Eq. 2 reduces
to the well-known steady-flow resistance formulas for those re-
spective cases.

A general expression for simplified inductance | s can be ob-
tained by direct application of the momentum equation to un-
steady, inviscid, fully-developed flow in a straight duct of arbi-
trary, constant cross-sectional area A. The momentum equation
for a control volume (C.V.) consisting of the fluid in a straight
duct between streamwise locations z; and z, yields the relation
between the axial-direction force F, and the rate of change of
momentum in the control volume. For fully developed flow, i.e.
velocity not a function of z,

FZ = E/ pW(Xayat)dV
dt Jev.

+/ pW(x,y,t) V (x,y,t) - TTdA
CV.

“» [E//w(x,y,t)dsz
dt AJz

—/Alvvz(x,y,t)dA+/Azwz(x,y,t)dA} @

For constant cross-sectional area, the integral over z in the first
term can be replaced by the length L of duct considered, and the
second and third terms cancel. In addition, for inviscid flow and
not considering gravity, the net force is only due to the pressure
difference over length L. Thus,

APA = pLE/W(x,y,t)dA )
dt Ja

Noting that the integral of the velocity over the cross-sectional
areaisthe volume flow rate Q,

or
L
lg = %. @)

Equations 2 and 7 constitute the simplified expressions com-
monly found in systems textbooks (Rowell and Wormley, 1997)
and applied to microdevice simulations (Bourouina and Grand-
champ, 1996; Carmona et d., 1996). We emphasize again that
Eq. 2 is derived for steady, viscous flow, while Eq. 7 is derived
from unsteady, inviscid flow. Thus, when used together to obtain
the fluid impedance according to Eq. 1 they represent an ad hoc,
inconsistent approach.

For arectangular channel of width 2a and height 2b,

24
(1+a)?

- -1
6% octanh pn/oc)] ‘ @

n=0

From Egs. 2 and 8,

Rs = 9)

4o3p* ey PR

3L [1_ o5 octanh(pn/oo] N

where p, = (2n+ 1)t/2. Equations 8 and 9 are consistent with
the velocity field solution in arectangular duct given by (White,
1991). Using Eq. 7 for arectangular duct of width 2a and height
2b, we obtain

_pL
's = Zab? (10

For harmonic flow in a rectangular duct Egs. 9 and 10 yield a
simplified hydraulicimpedance according to Eqg. 1.

Exact impedance in a rectangular channel

An exact expression for impedance Ze can be derived di-
rectly from the solution of the Navier-Stokes equations for os-
cillatory flow in a duct of any constant cross-sectional area for
which a closed-form velocity solution exists. We present here
the derivation of the exact impedance for arectangular duct.

The solution for the harmonic velocity field w(x,y,t) =
W(x,y)exp(imt) for fully-developed oscillatory flow in a rect-
angular duct driven by a harmonic driving pressure difference
AP = APexp(iot) is givenin (Drake, 1965),

o APA? S (-D°
w09 =L 2, s v
cosh(gnx/b) (2n+1)my
(- St )T )] @
where
2
On = \/m2+ %n? (12)

At least two other authors have published solutions for flow in a
rectangular channel due to a periodic driving pressure (Fan and
Chao, 1965; O'Brien, 1975). It should be noted that (O’ Brien,
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1975, Eq. (8)) is dimensionaly inconsistent. Our derivation
yielded W, = 1/(—in?). With that correction, al three solutions
were numerically evaluated using Matlab (v5.3, The Mathworks,
Inc, Natick, MA) and gave the same impedance at frequencies
above the corner frequency. However, at lower frequencies, the
corrected formulain (O’ Brien, 1975) exhibited numerical insta-
bilities in the infinite series terms, so that formulawas not used.
Also, the formulain (Fan and Chao, 1965) was more computa-
tionally intensive because of a double summation.

The complex volume flow rate Q was computed by integrat-
ing EqQ. 11 over the cross-sectional area:

1 (a_ tanh (go.) )] 13

L pn?2 &1 (2n+1)°q2 On

where Q(t) = Qexp(iwt). Finally, using Eq. 1, we obtain

Con? | & 1 N tanh(qn(x)> -1
T 32 L% (2n+1)% 2 <a On ] S

N

With the above expression the exact resistance and inductance
are given by
Re=Re[Z  le=Im[Zg/w. (15)

Fully-developed flow considerations

In order to investigate the accuracy of the simplified and ex-
act models of fluid impedance, both of which are based on fully
developed flow, an experiment that also reflects the conditions
of fully-developed flow is needed. The experiment must be de-
signed to minimize additional pressure losses from entry and exit
effects. The steady flow pressure drop AP in a channel may be
represented by (White, 1994)

AP = [K-l— f (Dih)] %p\_/z. (16)

The quantity insidethe square brackets givesinsight into whether
minor losses (such as entry or exit effects) may be neglected. If
the quantity f(L/Dp) islarge compared to total minor loss factor
K, then the laminar flow solution (used to determine the friction
factor f) may be used to accurately predict the pressure drop in
the channel. Thisistrue at low Re. However, K becomes more
significant as Re increases, and AP approaches aV? relationshi p.
By plotting Eg. 16 with K = 2.3 and with K = 0, the behavior of
AP withincreasing V can be investigated with and without minor
losses. The value for K was obtained from (Shah and London,
1978) who summarizes experimental data in a rectangular duct
with o = 1, from which Kengry = 1.3 can be deduced; and (White,
1994) who gives Kgit = 1.

Figure 2. A 6mm DIAMETER CHAMBER WITH 120pum WIDE
STRAIGHT CHANNELS ON EACH SIDE. ETCH DEPTHS FOR
THREE DIFFERENT DEVICES STUDIED RANGED FROM 115um
TO 148um. THE DEVICE WAS IDENTICAL IN FABRICATION
TO THE PUMP SHOWN IN FIG. 1 EXCEPT THE VALVES (NON-
LINEAR FLUID ELEMENTS) ARE REPLACED WITH STRAIGHT
CHANNELS.

Experiments

Three devices like the one shown in Fig. 2 were used to in-
vestigate the effects of using Zs and Ze on model predictions.
The device was identical in fabrication to the pump shown in
Fig. 1 except the valves are replaced with straight channels. A
6mm diameter chamber with 120um wide x 2240pm long chan-
nels located on opposite sides of the chamber was etched in sil-
icon using DRIE techniques. The etch depth was measured in
the chamber using an optical interference measurement system
(Fotonic MTI-2000, MTI Instruments, Albany, New York). A
Pyrex cover was anodically bonded to the top, and a 5mm dia.
x 190pum thick piezoel ectric actuator was glued on the Pyrex us-
ing el ectrically-conductiveepoxy. Holesweredrilled through the
silicon to alow inlet/outlet connections.

The relations given in this study for straight, rectangular
channels were used to calculate R and |, assuming the flow was
fully-devel oped throughout the channel length. Equation 16 was
applied in a quasi-steady sense to oscillatory flow, and was used
to determined the maximum peak Reynolds number for which
Eq. 14 applied. To help validate Eq. 16, a steady flow test was
performed using one of the straight-channel devices and a sy-
ringe pump (Model 200, KD Scientific, Boston, Massachusetts).
The pressure drop through the device was measured with awater
column for pressures below 10kPa, and with a pressure trans-
ducer (EPI-127, Entran Sensors & Electronics, Fairfield, New
Jersey) for pressures above 10kPa. The resulting pressure drop
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was divided by two for AP through a single channel, assuming
each channel experienced the same entry and exit effects.
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Figure 3. NON-DIMENSIONAL HYDRAULIC IMPEDANCE MAG-
NITUDE VS. NON-DIMENSIONAL FREQUENCY FOR A RECT-
ANGULAR CHANNEL OF WIDTH 2a AND HEIGHT 2b, WITH
ASPECT RATIO o = 1. MAGNITUDES FOR SIMPLIFIED
IMPEDANCE |Zs| AND THE EXACT IMPEDANCE |Zg| GIVEN BY
EQ. 14 ARE SHOWN.

To investigate the effect of the discrepancies between Zs and
Zo, we modeled the chamber/straight-channel system shown in
Fig. 2, similar to what we have donefor fixed-valve micropumps
(Bardell et al., 1997). A linear system model wasimplementedin
Matlab. The finite element method in (Morris and Forster, 2000)
was used to obtain values for mechanical parameters. Fluid pa
rameters were calculated using Egs. 9 and 10 for Zs, and Eq. 14
for Ze, with water at 25°C as the working fluid. The operat-
ing frequency for Eq. 14 was taken as the experimental resonant
frequency. Chamber capacitance was modeled as a volumetric
bubble fraction of air at 1atm, and was adjusted so that the res-
onant frequency from the model using Z, matched the resonant
frequency of the experimental data. The same volumetric bub-
ble fraction was used for al three devices. Frequency response
data were gathered for the membrane centerline velocity using
a laser vibrometer (Model OVF 302, Polytec, Waldbronn Ger-
many) from the three chamber/straight-channel devices at low
enough Reynolds number to neglect additional entry/exit losses.
These datawere compared to the system model predictionsusing
Zs and Ze.
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Figure 4. MAGNITUDE OF THE EXACT HYDRAULIC
IMPEDANCE |Zg| RELATIVE TO THE SIMPLIFIED VALUE
|Zs|, VS. NON-DIMENSIONAL FREQUENCY FOR A RECTAN-
GULAR CHANNEL, WITH ASPECT RATIO o = 1. THE SAME
INFORMATION IS CONTAINED IN THE IMPEDANCE PLOT OF
FIG. 3, BUT HERE THE DIFFERENCE BETWEEN |Zg| AND |Zg|
IS MORE QUANTITATIVELY EVIDENT.

RESULTS AND DISCUSSION

Figures 3 and 4 show there are significant differences (as
much as 30%) between |Zs| and |Z¢| for arectangular duct, most
notable near the corner frequency, i.e. the frequency at which
the low and high frequency asymptotes intersect. The simpli-
fied impedance yields satisfactory results at low or high frequen-
cies, but near the corner frequency the physics of oscillatory flow
are too complex to be captured by the two constant lumped-
parameters, Rs and Is. Figure 5 shows the exact resistance and
inductance using Eq. 15, relative to the constant, simple values
Rs and Is using Egs. 9 and 10. Even though the largest differ-
ences are at high and low frequenciesfor R and |, respectively,
R and | are almost insignificant contributions to impedance at
those respective high and low frequencies. Their combined ef-
fect on impedance is greatest around the corner frequency, and
several orders of magnitude beyond that frequency.

In order to use the exact impedancerelation given in Eq. 14,
the fully-developed flow condition had to be satisfied. Steady
pressure drop vs. flow data were taken for atest device, and the
results are shown in Fig. 6 along with predictions using Eqg. 16.
Thefigure showsasignificant departurefrom the fully-devel oped
flow assumption (K = 0) at Re > 50 for this channel length. So,
at Re < 50, entry and exit effects could be safely neglected.

The membrane centerline velocity frequency response is
shown in Fig. 7 for two devices whose etch depths were mea-
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Figure 5. EXACT RESISTANCE Re AND INDUCTANCE lg OF A
RECTANGULAR CHANNEL WITH o0 = 1, RELATIVE TO SIMPLE
RESISTANCE Rs AND INDUCTANCE |5 PLOTTED AS A FUNC-
TION OF NON-DIMENSIONAL FREQUENCY, 112.

sured to be 114um and 115um, respectively. Also shown are
model predictionsfor an etch depth of 115um (ow = 1.04), based
on Zs and Ze. A volumetric bubblefraction of 3 x 10~* was used,
and the predicted Re based on the RMS peak flow velocity in
the channels at device resonance was 42. The actuation was 2V
zero-to-peak. Figure 8 shows frequency response dataand model
predictionsfor athird device, whose etch depth was measured to
be 148um (o = 1.23). The same bubble fraction was used, and
the predicted Re based on RM S values of peak flow velocity was
50 at the same driving voltage. Because the channel depth was
the only difference between the calculations for both figures, the
data clearly show the improvement of using the exact impedance
Z. over the simplified Rs and |s. The membrane velocity ampli-
tude based on Zs is 200 to 300% higher than measured, while
calculations based on Z, are in good agreement.

The method discussed in this study could also be applied
to the pump in Fig. 1, except that computational fluid dynamics
(CFD) is needed to determine Re and e, because a closed-form
solution does not exist for such a complicated geometry. Still,
the principlesin this study are vital to determining how to usethe
CFD method in obtaining Rand |. Determining R from a steady
flow simulation and | from Eq. 7 would be computationally ef-
ficient, but would only produce simplified values that would not
apply over al frequencies, especialy in the vicinity of the corner
frequency. The more accurate method is harmonic CFD analysis
at the desired frequency.

We conclude that proper handling of fluid resistance and in-
ductanceis essential to accurate transient low-order modeling.

X experiment
for L/Dh = 19.0725

API[(p/l2)VY]

10

10" 10°
Re (based on Dh)

Figure 6. NON-DIMENSIONAL PRESSURE DROP VS. STEADY
FLOW REYNOLDS NUMBER RE FOR A DEVICE LIKE THE ONE
SHOWN IN FIG. 2, WITH AN ETCH DEPTH OF 115um, PLOTTED
ON A LOG SCALE. PREDICTIONS WERE BASED ON EQ. 16.
THE FIGURE SHOWS THAT IN A QUASI-STEADY SENSE, AD-
DITIONAL RESISTANCE DUE TO ENTRY/EXIT LOSSES MAY BE
NEGLECTED AT LOW RE.
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Figure 7. MEMBRANE VELOCITY FREQUENCY RESPONSE FOR
TWO REALIZATIONS (LABELED AS CHIPS #7 AND #9) OF THE
CHAMBER/CHANNEL SYSTEM SHOWN IN FIG. 2, AND COM-
PARISON WITH MODEL PREDICTIONS BASED ON SIMPLIFIED
AND EXACT IMPEDANCE, Zg AND Zs. THE ETCH DEPTHS
WERE 114 AND 115um (o = 1.04) FOR BOTH DEVICES, SO
THE DATA 1S SHOWN COMPARED TO THE SAME MODEL PRE-
DICTIONS.
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Figure 8. MEMBRANE VELOCITY FREQUENCY RESPONSE FOR
ONE REALIZATION (LABELED AS CHIP #10) OF THE CHAM-
BER/CHANNEL SYSTEM SHOWN IN FIG. 2, AND COMPARISON
WITH MODEL PREDICTIONS BASED ON SIMPLIFIED AND EX-
ACT IMPEDANCE, Zs AND Z;. THE ETCH DEPTH WAS 148um
(oo =1.23). THE PREDICTED REYNOLDS NUMBER BASED ON
RMS VALUES OF FLOW VELOCITY IN THE CHANNELS AT DE-
VICE RESONANCE WAS 50. SHOWN IS GOOD AGREEMENT
WITH EXPERIMENT WHEN THE EXACT FORM OF IMPEDANCE
Ze 1S UTILIZED, AND OVER-PREDICTION BY 200 TO 300%
FOR THE COMMONLY-USED METHOD BASED ON Zs.
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